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Abstract
We characterize the weights w for which the operator Tψ f (x) =
 x
0 ψ(x, y) f (y) dy is bounded between weighted grand
Lebesgue spaces L p)w for non-increasing functions. The conjugate of Tψ , for a special ψ , given by S∗φ f (x) :=
∞
x f (y)
φ(y)
Φ(y) dy
is considered. An extrapolation type result giving L p)-boundedness of S∗φ for non-increasing functions has been proved. Also its
L p-boundedness has been characterized. Finally, a variant of S∗φ has been considered and discussed.
c⃝ 2016 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
By a weight function or simply a weight, we mean a function which is measurable, positive and finite almost
everywhere on the underlying domain. Let Ib = (0, b), 0 < b ≤ ∞ and w be a weight. We denote by L pw(Ib),
0 < p <∞, the space of all measurable functions f on Ib for which
∥ f ∥L pw(Ib) :=
 b
0
| f (x)|pw(x) dx
1/p
<∞.
When b = ∞, we shall write L pw instead of L pw(I∞).
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A weight w is said to belong to Bbp-class if the inequality b
r
r
t
p
w(t) dt ≤ c
 r
0
w(t) dt
holds for all 0 < r < b. For b = ∞, we shall write Bp instead of B∞p . It was proved by Arino and Muckenhoupt [1]
that a Bp weight characterizes the inequality
∥A f ∥L pw ≤ c∥ f ∥L pw , p ≥ 1
for all non-negative non-increasing functions f (now onwards written f ↓), where A is the averaging operator
A f (x) := 1
x
 x
0
f (y) dy.
Also, they proved (see also [2–4]) a very important property of Bp-class of weights: if w ∈ Bp, 0 < p < ∞, then
there exists ε > 0 such that w ∈ Bp−ε. Also, Carro and Lorente [5] proved an extrapolation result involving Bp
weights that deals with more general inequalities.
Carro and Soria [6] considered a more general operator given by
Sφ f (x) := 1Φ(x)
 x
0
f (y)φ(y) dy, Φ(x) =
 x
0
φ(u)du (1.1)
and proved the following:
Theorem A. Let p > 1 and φ be non-negative, locally integrable and ↓. Then the inequality
∥Sφ f ∥L pw ≤ c∥ f ∥L pw
holds for all non-negative functions f ↓ if and only if ∞
r

Φ(r)
Φ(x)
p
w(x) dx ≤ c
 r
0
w(x) dx, r > 0.
Lai [7] has considered even more general operator
Tψ f (x) :=
 x
0
ψ(x, y) f (y) dy,
ψ being a function from R+ × R+ to R+ and obtained its L p-boundedness for f ↓ as follows:
Theorem B. Let p ≥ 1. The inequality
∥Tψ f ∥L pw ≤ c1∥ f ∥L pw
holds for all non-negative functions f ↓ if and only if r
0
Ψ(x, x)pw(x) dx +
 ∞
r
Ψ(x, r)pw(x) dx ≤ c2
 r
0
w(x) dx, r > 0
where Ψ(x, r) =  r0 ψ(x, y) dy satisfies the following:
P1 Ψ(x, r) ≤ αΨ(x, t)Ψ(t, r) for some α > 0 and all 0 < r ≤ t ≤ x;
P2 f ↓⇒ Tψ f ↓.
The first aim of this paper is to characterize the boundedness of Tψ in weighted grand Lebesgue spaces for f ↓
defined as follows:
Let I := I1 = (0, 1), 1 < p < ∞ and w be a locally integrable weight function. The weighted grand Lebesgue
space L p)w (I ) consists of all measurable functions f for which
∥ f ∥
L p)w (I )
:= sup
0<ε<p−1

ε
 1
0
| f (x)|p−εw(x) dx
1/p−ε
<∞.
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These spaces without weights were introduced by Iwaniec and Sbordone [8] and with weights by Fiorenza, Gupta and
Jain [9]. Note that the space L p)w (I ) is not rearrangement invariant except for the trivial case when w is a constant
weight. About the Lebesgue spaces, the implications f ∈ L pw ⇐⇒ fw1/p ∈ L p hold. However, the same is not true
for grand Lebesgue spaces (see [9]). These facts make the study of weighted grand Lebesgue spaces important. In [9],
the authors studied the boundedness of the maximal operator between L p)w (I )-spaces. Later, their technique was used
by several authors to study various operators, e.g., one may refer to [10–16].
Lai [7] also studied the adjoint of the operator Tψ given by
T ∗ψ f (x) :=
 ∞
x
ψ(x, y) f (y) dy
and obtained its L p-boundedness as follows:
Theorem C. Let p ≥ 1. The inequality
∥T ∗ψ f ∥L pw ≤ c∥ f ∥L pw
holds for all non-negative functions f ↓ if and only if r
0
Ψ∗(x, r)pw(x) dx ≤ c
 r
0
w(x) dx, r > 0
where Ψ∗(x, r) =  rx ψ(x, y) dy + 1 and satisfies the following:
P1* Ψ∗(x, y) ≤ αΨ∗(x, t)Ψ∗(t, y) for some α > 0 and all x ≤ t ≤ y;
P2* f ↓⇒ T ∗ψ f ↓.
Of particular interest is the case when ψ(x, y) = φ(y)Φ(y)χ[x,∞)(y). In this case, the operator T ∗ψ becomes
S∗φ f (x) :=
 ∞
x
f (y)
φ(y)
Φ(y)
dy
and its L p-boundedness for f ↓ has been obtained by Carro and Soria [6]. We prove in this paper that for 1 < p <∞,
the L p-boundedness of S∗φ for f ↓ is independent of p. Neugebauer [4] proved similar independence for the operator
A∗ f (x) := ∞x f (y)y dy. Note that A∗ is a special case of S∗φ and consequently of T ∗ψ . We then prove the boundedness
of S∗φ for f ↓ between grand Lebesgue spaces.
Another special case of T ∗ψ that we deal with is when ψ(x, y) = φ(y)Φ(y)χ[x,∞)(y). In this case, the corresponding
operator becomes
S˜φ f (x) := 1Φ(x)
 ∞
x
f (y)φ(y) dy.
Although the L p-boundedness of S˜φ for f ↓ can obviously be written by Theorem C, but the proof of Theorem C does
not provide a precise estimate of the constant which is a key point for studying this boundedness in the framework
of grand Lebesgue spaces. Therefore, we provide an alternate proof for the L p-boundedness of S˜φ for f ↓ and then
study the corresponding boundedness between L p)w -spaces.
All the functions considered in this paper are non-negative and measurable. In order to consider the case of finite
intervals as well, all the functions will be defined on (0, b) or (0, b) × (0, b), 0 < b ≤ ∞ as the case may be.
Consequently, the integrals
∞
x mentioned in various operators will be changed to
 b
x but if there is no ambiguity, we
shall still denote the corresponding operators by T ∗ψ , S∗φ , etc.
2. Operator Tψ on grand Lebesgue spaces
In this section, our aim is to characterize the boundedness of the operator Tψ between weighted grand Lebesgue
spaces L p)w for non-increasing functions.
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For 0 < p <∞, we denote by Bbψ,p, the class of weights w for which the inequality b
r
Ψ(x, r)pw(x) dx ≤ C1
 r
0
w(x) dx, 0 < r < b,
holds for some constant C1 > 0.
Remark 2.1. As remarked by Lai [7], for 0 < p ≤ q < ∞, the inclusion Bbψ,p ⊆ Bbψ,q holds if the following
condition is satisfied:
P3 Ψ(x, x) ≤ D, x ∈ (0, b)
where D is a constant which, without loss of generality, can be taken ≥1.
Define
Hbψ,p :=

w :
 r
0
Ψ(x, x)pw(x) dx +
 b
r
Ψ(x, r)pw(x) dx ≤ c
 r
0
w(x) dx, 0 < r < b

,
and
∥w∥Hbψ,p := inf

c > 0 : w ∈ Hbψ,p

.
Remark 2.2. If 0 < p ≤ q <∞ and P3 holds, then Hbψ,p ⊆ Hbψ,q . Moreover,
∥w∥Hbψ,q ≤ D
q + Dq−p∥w∥Hbψ,p . (2.1)
Lemma 2.3. If 0 < p <∞ and P3 holds, then
w ∈ Hbψ,p with c = ∥w∥Hbψ,p if and only if w ∈ B
b
ψ,p.
In view of the above consideration, Theorem B can be restated as
Theorem 2.4. Let 1 ≤ p <∞ and P1–P3 hold. Then the inequality b
0

Tψ f
p
(x)w(x) dx ≤ C2
 b
0
f p(x)w(x) dx
holds for all f ↓ if and only if w ∈ Bbψ,p.
Remark 2.5. In the above theorem, the constants C2 and C1 involved in the inequality and the condition, respectively,
are same for the necessary part. But for the sufficiency part, we get C2 = (C1 + D p)pα p(p−1).
Remark 2.6. In view of Lemma 2.3, the constant C1 of the condition in Theorem 2.4 can be replaced by ∥w∥Hbψ,p .
We shall be using a result from [7] in the following modified form:
Theorem D. If 1 ≤ p <∞ and P1–P3 hold, then for w ∈ Bbψ,p there exists σ > 0 such that w ∈ Bbψ,p−σ .
Now we give our main result of this section.
Theorem 2.7. Let 1 < p <∞, and P1–P3 hold. Then the inequality
∥Tψ f ∥L p)w (I ) ≤ C ∥ f ∥L p)w (I ) (2.2)
holds for all f ↓ if and only if w ∈ B1ψ,p.
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Proof. For the necessity, taking f = χ(0,r ] for 0 < r < 1, the R.H.S. of the inequality (2.2) becomes
∥ f ∥
L p)w (I )
=

εr
 r
0
w(x) dx
1/(p−εr )
for some εr , 0 < εr < p − 1, while its L.H.S. gives
∥Tψ f ∥L p)w (I ) = sup0<ε<p−1 ε
1/(p−ε)
 r
0
w(x)
 x
0
ψ(x, y) f (y) dy
p−ε
dx
+
 1
r
w(x)
 x
0
ψ(x, y) f (y) dy
p−ε
dx
1/(p−ε)
≥ ε1/(p−εr )r
 r
0
Ψ(x, x)p−εrw(x) dx +
 1
r
Ψ(x, r)p−εrw(x) dx
1/(p−εr )
.
The above estimates lead to w ∈ B1ψ,p−εr and the necessity follows in view of Remark 2.1. Conversely, let w ∈ B1ψ,p.
Then, by Theorem D, w ∈ B1ψ,p−σ for some σ > 0. We assume that σ < p − 1 for otherwise the sufficiency follows
easily. Remark 2.1 gives that w ∈ B1ψ,p−ε for all 0 < ε ≤ σ . For σ < ε < p − 1, by using Ho¨lder’s inequality with
the conjugate exponents p−σp−ε and
p−σ
ε−σ , we get
∥Tψ f ∥L p−εw (I ) ≤ ∥Tψ f ∥L p−σw (I )
 1
0
w(x)dx
 ε−σ
(p−σ)(p−ε)
≤ ∥Tψ f ∥L p−σw (I ) β(p, σ ) (2.3)
since 0 < ε−σ
(p−σ)(p−ε) <
p−1−σ
p−σ , where β(p, σ ) :=
 1
0 w(x)dx + 1
 p−1−σ
p−σ
. Now by using (2.3), (2.1), Remarks 2.5
and 2.6, we obtain
∥Tψ f ∥L p)w (I ) ≤ max

sup
0<ε≤σ

ε1/(p−ε)∥Tψ f ∥L p−εw (I )

, sup
σ<ε<p−1
ε1/(p−ε)∥Tψ f ∥L p−σw (I )β(p, σ )

≤ max

1, σ−
1
p−σ β(p, σ ) sup
σ<ε<p−1
ε1/(p−ε)

sup
0<ε≤σ

ε1/(p−ε)∥Tψ f ∥L p−εw (I )

≤ max

1, pσ−
1
p−σ β(p, σ )

sup
0<ε≤σ

∥w∥H1ψ,p−ε + D
p−εp−ε α(p−ε)(p−ε−1)ε1/(p−ε)∥ f ∥L p−εw (I )
≤ max

1, pσ−
1
p−σ β(p, σ )
 
D p−σ + Dσ∥w∥H1ψ,p−σ + D
p
p
× (α + 1)p(p−1) sup
0<ε≤σ

ε1/(p−ε)∥ f ∥L p−εw (I )

≤ C(p, σ, D, α) ∥ f ∥
L p)w (I )
,
where
C(p, σ, D, α) = max

1, pσ−
1
p−σ β(p, σ )
 
D p−σ + Dσ∥w∥H1ψ,p−σ + D
p
p
(α + 1)p(p−1),
and the result follows. 
Corollary 2.8. Let 1 < p <∞ and φ be non-negative locally integrable and ↓. Then the inequality
∥Sφ f ∥L p)w (I ) ≤ c ∥ f ∥L p)w (I )
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holds for all f ↓ if and only if 1
r

Φ(r)
Φ(x)
p
w(x) dx ≤ c
 r
0
w(x) dx, 0 < r < 1,
Sφ being the operator given in (1.1).
Proof. This is immediate by taking ψ(x, y) = φ(y)Φ(x)χ(0,x](y) in Theorem 2.7. 
Corollary 2.9. Let 1 < q <∞ and consider the operator
Aq f (x) := 1
x1/q
 x
0
f (t)
t1/q ′
dt.
For 1 < p <∞, the inequality
∥Aq f ∥L p)w (I ) ≤ c ∥ f ∥L p)w (I )
holds for all f ↓ if and only if 1
r
 r
x
p/q
w(x) dx ≤ c
 r
0
w(x) dx, 0 < r < 1. (2.4)
Proof. This can be obtained easily by taking φ(t) = 1
qt1/q′ in Corollary 2.8. 
Note that Corollary 2.9 extends a result of Meskhi ([14], Theorem 3.1).
Remark 2.10. In view of Theorem A and Corollary 2.8, we note that L p-boundedness of Sφ is equivalent to its
L p)-boundedness. The same is true for the operator Aq since L p-boundedness of Aq is also characterized by (2.4),
(see [4]).
3. Conjugate Hardy averaging operator
In this section, we shall deal with the operator
S∗φ f (x) :=
 b
x
f (y)
φ(y)
Φ(y)
dy, Φ(x) =
 x
0
φ(u)du, 0 < b ≤ ∞.
Let 1 < p <∞. We say that w ∈ B∗φ,p(Ib) if for all 0 < r ≤ b, the inequality r
0

log
Φ(r)
Φ(x)
p
w(x) dx ≤ c
 r
0
w(x) dx
holds for some constant c > 0. For b = 1 we shall write B∗φ,p(I ) instead of B∗φ,p(I1) and B∗φ,p := B∗φ,p(I∞) if
b = ∞.
We prove the following:
Theorem 3.1. For φ non-negative, locally integrable and ↓, the following statements are equivalent.
(i) The inequality
∥S∗φ f ∥L1w(Ib) ≤ c∥ f ∥L1w(Ib) (3.1)
holds for all f ↓.
(ii) The inequality
∥S∗φ f ∥L pw(Ib) ≤ c∥ f ∥L pw(Ib) (3.2)
holds for all p ∈ (1,∞) and for all f ↓.
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(iii) For a given p ∈ (1,∞), the inequality (3.2) holds for all f ↓.
(iv) w ∈ B∗φ,1(Ib).
Proof. (i) ⇒ (ii). Define
G(x) = p
 b
x
f (u)
φ(u)
Φ(u)
du
p−1
f (x).
Then G is ↓ and b
x
G(t)
φ(t)
Φ(t)
dt =
 b
x
f (u)
φ(u)
Φ(u)
du
p
. (3.3)
Using (3.1), (3.3) and Ho¨lder’s inequality, we get
∥S∗φ f ∥pL pw(Ib) =
 b
0
(S∗φG)(x) w(x) dx
≤ c
 b
0
G(x) w(x) dx
≤ pc
 b
0
f p(x) w(x) dx
 1
p
 b
0
 b
x
f (u)
φ(u)
Φ(u)
du
p
w(x) dx
 1
p′
= pc ∥ f ∥L pw(Ib) ∥S∗φ f ∥
p/p′
L pw(Ib)
,
i.e.,
∥S∗φ f ∥L pw(Ib) ≤ C∥ f ∥L pw(Ib)
with C = pc.
(ii) ⇒ (iii). Trivial.
(iii) ⇒ (iv). For 0 < r ≤ b, take f = χ[0,r). Then for this choice of f , we have
∥S∗φ f ∥pL pw(Ib) =
 r
0

log
Φ(r)
Φ(x)
p
w(x) dx
and
∥ f ∥p
L pw(Ib)
=
 r
0
w(x) dx
using which and applying Ho¨lder’s inequality, (3.2) gives r
0

log
Φ(r)
Φ(x)

w(x) dx ≤
 r
0

log
Φ(r)
Φ(x)
p
w(x) dx
 1
p
 r
0
w(x) dx
 1
p′ ≤ c
 r
0
w(x) dx
i.e., w ∈ B∗φ,1(Ib).
(iv)⇒ (i). Let w ∈ B∗φ,1(Ib). Choose r = ψ(y) for some function ψ ↓ such that ψ(0) = b, ψ(b) = 0 and integrate
from 0 to b so that we obtain b
0
 ψ(y)
0

log
Φ(ψ(y))
Φ(x)

w(x) dx

dy ≤ c
 b
0
 ψ(y)
0
w(x) dx

dy.
Interchanging the orders of integration on both the sides of the above inequality, we get b
0
w(x)
 ψ−1(x)
0
log

Φ(ψ(y))
Φ(x)

dy

dx ≤ c
 b
0
ψ−1(x)w(x) dx . (3.4)
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By making variable substitution t = log

Φ(ψ(y))
Φ(x)

and writing γ = log

Φ(b)
Φ(x)

> 0, we have ψ−1(x)
0
log

Φ(ψ(y))
Φ(x)

dy =
 γ
0
ψ−1

φ−1(et Φ(x))

dt
=
 b
x
ψ−1(u) φ(u)
Φ(u)
du,
using which in (3.4) and taking ψ−1(u) = f (u), the assertion follows. 
We immediately have the following result which has been proved by Carro and Soria [6]:
Corollary 3.2. Let 1 < p <∞ and w be a weight function. The inequality
∥S∗φ f ∥L pw ≤ C∥ f ∥L pw
holds for all f ↓ if and only if w ∈ B∗φ,p.
Proof. The necessity follows by taking f = χ[0,r) for some 0 < r < ∞. For sufficiency, if w ∈ B∗φ,p, then by an
application of Ho¨lder’s inequality, we get that w ∈ B∗φ,1. The assertion now follows by Theorem 3.1. 
Remark 3.3. Theorem 3.1 gives an extrapolation effect in the sense that if the inequality (3.2) holds for some p > 1,
then it holds for all p > 1. This kind of result, for a special case, has been proved by Neugebauer [4] which we derive
below as a corollary to Theorem 3.1:
Corollary 3.4. Let 1 < p <∞ and w be a weight function. Define A∗ f (x) := ∞x f (t)t dt. Then the inequality
∥A∗ f ∥L pw ≤ c∥ f ∥L pw
holds for all f ↓ if and only if w ∈ B∗1,1.
Proof. For φ ≡ 1, S∗φ = A∗ and the proof follows. 
Now, we prove the L p)-boundedness of S∗φ .
Theorem 3.5. Let 1 < p <∞ and w be a weight function. Then the inequality
∥S∗φ f ∥L p)w (I ) ≤ c∥ f ∥L p)w (I ) (3.5)
holds for all f ↓ if and only if w ∈ B∗φ,1(I ).
Proof. First assume that (3.5) holds. Taking f = χ[0,r) for 0 < r ≤ 1, the R.H.S. of (3.5) gives
∥ f ∥
L p)w (I )
= sup
0<ε<p−1

ε
 r
0
w(x) dx
1/(p−ε)
=

εr
 r
0
w(x) dx
1/(p−εr )
for some 0 < εr < p − 1, while its L.H.S. gives
∥S∗φ f ∥L p)w (I ) = sup0<ε<p−1

ε
 r
0
 r
x
φ(t)
Φ(t)
dt
p−ε
w(x) dx
1/(p−ε)
= sup
0<ε<p−1

ε
 r
0

log
Φ(r)
Φ(x)
p−ε
w(x) dx
1/(p−ε)
≥

εr
 r
0

log
Φ(r)
Φ(x)
p−εr
w(x) dx
1/(p−εr )
.
42 P. Jain et al. / Transactions of A. Razmadze Mathematical Institute 170 (2016) 34–46
Consequently, the inequality (3.5) using Ho¨lder’s inequality yields r
0

log
Φ(r)
Φ(x)

w(x) dx ≤
 r
0

log
Φ(r)
Φ(x)
p−εr
w(x) dx
1/(p−εr )
×
 r
0
w(x) dx
1− 1p−εr
< C
 r
0
w(x) dx,
where C = max{c, c1/p}, c being the constant in (3.5). Thus w ∈ B∗φ,1(I ).
Conversely, let w ∈ B∗φ,1(I ). Then, in view of Theorem 3.1, we find that for all ε > 0 such that p − ε > 1, the
inequality
∥S∗φ f ∥L p−εw (I ) ≤ c(p − ε)∥ f ∥L p−εw (I )
holds, i.e., the inequality
sup
0<ε<p−1

ε
1
p−ε ∥S∗φ f ∥L p−εw (I )

≤ c sup
0<ε<p−1

(p − ε)ε 1p−ε ∥ f ∥L p−εw (I )

≤ cp sup
0<ε<p−1

ε
1
p−ε ∥ f ∥L p−εw (I )

holds. Hence the inequality (3.5) holds with the constant cp and the proof is complete. 
Corollary 3.6. Let 1 < p <∞ and w be a weight function. The inequality
∥A∗ f ∥
L p)w (I )
≤ c∥ f ∥
L p)w (I )
holds for all f ↓ if and only if w ∈ B∗1,1(I ).
Remark 3.7. In view of Theorem 3.5, it comes out that if the inequality (3.5) holds for some p ∈ (1,∞), then it
holds for all q ∈ (1,∞).
4. Conjugate type operator
This section deals with a variant of the operator S∗φ defined by
S˜φ f (x) := 1Φ(x)
 b
x
f (t)φ(t) dt, Φ(x) =
 x
0
φ(u)du, 0 < b ≤ ∞.
For 0 < p <∞, we denote by B˜bφ,p, the class of all weights w for which the inequality r
0

Φ(r)
Φ(x)
p
w(x) dx ≤ c
 r
0
w(x) dx, 0 < r ≤ b (4.1)
holds for some constant c > 0.
Remark 4.1. Observe that the class B˜bφ,p is monotonic in the index p so that if w ∈ B˜bφ,p, then w ∈ B˜bφ,q for all
q ≤ p.
Define
∥w∥B˜bφ,p := inf

c > 0 :
 r
0
w(x) dx +
 r
0

Φ(r)
Φ(x)
p
w(x) dx ≤ c
 r
0
w(x) dx, 0 < r ≤ b

.
Observe that
(i) ∥w∥B˜bφ,p > 1, and
(ii) ∥w∥B˜bφ,p ≤ ∥w∥B˜bφ,q if p ≤ q.
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We immediately have the following:
Lemma 4.2. w ∈ B˜bφ,p if and only if the inequality r
0
w(x) dx +
 r
0

Φ(r)
Φ(x)
p
w(x) dx ≤ A
 r
0
w(x) dx
holds for all 0 < r ≤ b with A = ∥w∥B˜bφ,p .
We prove the following:
Theorem 4.3. Let 1 ≤ p <∞. Then the inequality
∥S˜φ f ∥L pw(Ib) ≤ c∥ f ∥L pw(Ib), (4.2)
holds for all f ↓ if and only if w ∈ B˜bφ,p, where c = ∥w∥B˜bφ,p .
Proof. We prove the theorem for 1 < p <∞. The proof for the case p = 1 is similar. Assume first that (4.2) holds.
For 0 < r ≤ b, take f = χ[0, r). Then using the inequality a p + bp ≥ 21−p(a + b)p, we get that w ∈ B˜bφ,p with
constant c
p+1
21−p .
Conversely, assume that w ∈ B˜bφ,p. Denote by λ f (y) := |{x : | f (x)| > y}|, the distribution function of f with
respect to the Lebesgue measure. Then following ([6], Corollary 2.2), we find that b
x
f (t)φ(t) dt
p
= p
 b
x
 b
t
f (s)φ(s)ds
p−1
f (t)φ(t) dt
= p
 b
0
g(t)χ[x,b)(t)φ(t)(Φ(t))p−1 dt
= p
 b
0
 λg(y)
0
χ[x,b)(t)φ(t)(Φ(t))p−1 dt

dy,
where g(t) =

1
Φ(t)
 b
t f (s)φ(s)ds
p−1
f (t), which is a non-increasing function. By applying Fubini’s Theorem, we
get
∥S˜φ f ∥pL pw(Ib) = p
 b
0
w(x)
(Φ(x))p
 b
0
 λg(y)
0
χ[x,b)(t)φ(t)(Φ(t))p−1 dt

dy

dx
= p
 b
0
 b
0
w(x)
(Φ(x))p
 λg(y)
0
χ[x,b)(t)φ(t)(Φ(t))p−1 dt

dxdy
= p
 b
0
 λg(y)
0
w(x)
(Φ(x))p
 λg(y)
x
φ(t)(Φ(t))p−1 dt

dxdy
=
 b
0
 λg(y)
0

Φ(λg(y))
Φ(x)
p
− 1

w(x) dxdy.
Since w ∈ B˜bφ,p, taking r = λg(y) in (4.1) and using Lemma 4.2, we get
∥S˜φ f ∥pL pw(Ib) ≤ (∥w∥B˜bφ,p − 1)
 b
0
dy
 λg(y)
0
w(x) dx .
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Consequently, using ([6], Corollary 2.2) and Ho¨lder’s inequality, we have
∥S˜φ f ∥pL pw(Ib) ≤ ∥w∥B˜bφ,p
 b
0
g(x)w(x) dx
= ∥w∥B˜bφ,p
 b
0

1
Φ(x)
 b
x
f (s)φ(s)ds
p−1
f (x)w(x) dx
≤ ∥w∥B˜bφ,p ∥S˜φ f ∥
p−1
L pw(Ib)
∥ f ∥L pw(Ib)
and the assertion follows. 
Now, we prove the following for the boundedness of S˜φ on L
p)
w (I )-spaces.
Theorem 4.4. Let 1 < p <∞ and w ∈ B˜1φ,p. Then the inequality
∥S˜φ f ∥L p)w (I ) ≤ c∥ f ∥L p)w (I ) (4.3)
holds for all f ↓. Conversely, if (4.3) holds for all functions f ↓, then w ∈ B˜1φ,p−σ (I ) for some σ ∈ (0, p − 1).
Proof. Assume first that w ∈ B˜1φ,p. Then in view of Remark 4.1, w ∈ B˜1φ,p−ε for all 0 < ε < p − 1. Now, by
Theorem 4.3, we get
∥S˜φ f ∥L p)w (I ) = sup0<ε<p−1 ε
1/(p−ε)∥S˜φ f ∥L p−εw (I )
≤ sup
0<ε<p−1
ε1/(p−ε)∥w∥B˜1φ,p−ε∥ f ∥L p−εw (I )
≤ c∥ f ∥
L p)w (I )
with c = ∥w∥B˜1φ,p and the sufficiency follows.
Conversely, suppose that the inequality (4.3) holds. Take f = χ[0, r) for some 0 < r ≤ 1. Then R.H.S. of (4.3)
becomes
∥ f ∥
L p)w (I )
= sup
0<ε<p−1
ε1/(p−ε)
 r
0
w(x) dx
1/(p−ε)
=

εr
 r
0
w(x) dx
1/(p−εr )
(4.4)
for some εr , 0 < εr < p − 1 and the L.H.S. gives
∥S˜φ f ∥L p)w (I ) = sup0<ε<p−1 ε
1/(p−ε)
 r
0

Φ(r)
Φ(x)
− 1
p−ε
w(x) dx
1/(p−ε)
≥ sup
0<ε<p−1
ε1/(p−ε)

21−(p−ε)
 r
0

Φ(r)
Φ(x)
p−ε
w(x) dx −
 r
0
w(x) dx
1/(p−ε)
≥ ε1/(p−εr )r

21−(p−εr )
 r
0

Φ(r)
Φ(x)
p−εr
w(x) dx −
 r
0
w(x) dx
1/(p−εr )
. (4.5)
Thus, from (4.3)–(4.5), we get r
0

Φ(r)
Φ(x)
p−εr
w(x) dx ≤ c
p−εr + 1
21−(p−εr )
 r
0
w(x) dx ≤ C
 r
0
w(x) dx, 0 < r ≤ 1
where C = (c + 1)p + 1 2p. Therefore, w ∈ B˜1φ,p−εr which means that w ∈ B˜1φ,p−σ for some 0 < σ < p− 1. 
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Remark 4.5. The condition w ∈ B˜bφ,p−σ for some 0 < σ < p − 1 is not sufficient for (4.3) to hold. To see
this, take φ ≡ 1 on I = (0, 1) so that the operator S˜φ becomes S˜1 f (x) = 1x
 1
x f (t) dt . Take w(x) = xα for
0 < p − σ − 1 < α < p − 1. It can be seen that w ∈ B˜1φ,p−σ . However, we claim that (4.3) is not satisfied for all
f ↓. Take f (x) = χ(0, s] for some 0 < s < 1. Then
∥S˜1 f ∥L p)w (I ) ≥

ε
 s
0
(s − x)p−ε xα−p+ε dx
 1
p−ε
. (4.6)
It is easy to check that
 s
0 (s− x)p−ε xα−p+ε dx converges if and only if α > p− ε for all 0 < ε < p− 1, i.e., α ≥ p.
But since α < p, the integral
 s
0 (s − x)p−ε xα−p+ε dx diverges for some ε ∈ (0, p − 1). Consequently, (4.6) gives
that ∥S˜1 f ∥L p)w (I ) = ∞. On the other hand
∥ f ∥
L p)w (I )
= sup
0<ε<p−1

ε
 s
0
xα dx
 1
p−ε
< p,
which is finite. Hence our claim is proved.
Remark 4.6. If we assume that w ∈ B˜bφ, p−σ for all σ ∈ (0, p − 1), then w ∈ B˜bφ, p.
5. Concluding remark and result
In this section, we consider functions f which need not be non-increasing. Consider the Hardy operator H f (x) := x
0 f (y) dy. It can be worked out that H is not bounded between (non-weighted) L
p)-spaces. However, its adjoint
H∗ f (x) :=  1x f (t) dt is so which we prove below:
Theorem 5.1. For 1 < p <∞, the inequality
∥H∗ f ∥L p)(I ) ≤ p∥ f ∥L p)(I )
holds for all f ≥ 0.
Proof. Take q = σ = p − ε. Since σ > q − 1 > 0 for all 0 < ε < p − 1, by an application of conjugate Hardy
inequality (see, e.g., [17]), we have 1
0
(H∗ f (x))p−ε dx =
 1
0
(H∗ f (x))q xσ−q dx
≤

q
σ − q + 1
q  1
0
f q(x)xσ dx
≤

q
σ − q + 1
q  1
0
f q(x) dx
= (p − ε)p−ε
 1
0
f p−ε(x) dx
or 
ε
 1
0
(H∗ f (x))p−ε dx
1/p−ε
≤ (p − ε)

ε
 1
0
f p−ε(x) dx
1/p−ε
.
Now taking supremum on both the sides of the above inequality over all ε ∈ (0, p − 1), the result follows. 
Remark 5.2. Consider the Hardy averaging operator
S1 f (x) = 1x
 x
0
f (t)dt, x ∈ (0, 1).
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It was proved in ([9], Theorem 2.1) that S1 is bounded between (non-weighted) L p)-spaces, where the functions in
L p) need not necessarily be non-increasing. Regarding the adjoint of S1, the two variants have been considered in this
paper, namely, S∗1 (precise conjugate of S1) and S˜1 (conjugate type of S1). It can be worked out, by taking f ≡ 1
that both S∗1 and S˜1 are not bounded between (non-weighted) L p)-spaces. It is of interest to obtain the weights which
characterize the boundedness of S∗1 as well as S˜1 between L
p)
w -spaces for general non-negative functions.
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